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A self-consistent system of interaction nonlinear spinor and scalar fields within the scope 
of a BI cosmological model filled with perfect fluid is considered. The role of spinor field 
in fhe evolution of fhe Universe is sfudied. If is shown fhaf fhe spinor field nonlinearify can 
generafe a negafive effecfive pressure, which can be seen as an alfernafive source for lafe 
fime accelerafion of fhe Universe. 
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I. INTRODUCTION 


The accelerated mode of expansion of the present day Universe encourages many researchers 
to introduce different kind of sources that is able to explain this. Among them most popular is the 
dark energy given by a A term lEii , quintessence diillQ], Chaplygin gas lEH]. Recently 
cosmological models with spinor field have been extensively studied by a number of authors in a 
series of papers lEinilillillllOi. The principal motive of the papers Elm EH Hi 
was to find out the regular solutions of the corresponding field equations. In some special cases, 
namely with a cosmological constant (A term) that plays the role of an additional gravitation field, 
we indeed find singularity-free solutions. It was also found that the introduction of nonlinear 
spinor field results in a rapid growth of the Universe. This allows us to consider the spinor field 
as a possible candidate to explain the accelerated mode of expansion. Note that similar attempt is 
made in a recent paper by Kremer et. al. iH. In this paper we study the role of a spinor field in the 
late-time acceleration of the Universe. To avoid lengthy calculations, we mainly confine ourselves 
to the study of master equation describing the evolution of BI Universe. We here give the solutions 
to the spinor and scalar field equations symbolically, for details one can consult 


II. BASIC EQUATIONS: A BRIEF JOURNEY 


We consider a self consistent system of nonlinear spinor and scalar fields within the scope of a 
Bianchi type-I gravitational field filled with a perfect fluid. The spinor and the scalar field is given 
by the Lagrangian 






- m v/i//+ F + - (1 + AiFi) <P’“, 


( 2 . 1 ) 
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where A is the eoupling eonstant and F and Fi are some arbitrary functions of invariants generated 
from the real bilinear forms of a spinor field. Here we assume F = F{I,J) and Fi = Fi (7,7) with 
I = S^, S = y/y/, J = P^ and P = iyry^ yr. 

The gravitational field is chosen in the form 

ds = dt — Q^dx^ — ci 2 dx 2 — cii^dx^^ (2*2) 

where a,- are the functions of t only and the speed of light is taken to be unity. We also define 

X = a\a2a'i. (2.3) 


We consider the spinor and scalar field to be space independent. In that case for the spinor, 
scalar and metric functions we find the following expressions Q. 

For F = F{I) we find S = Cq/t with Cq being an integration constant. The components of the 
spinor field in this case read 


V^L2(t) = (Ci,2/v^)e y/2,^4(t) = (C3^4/^/T)e'^, (2.4) 

with the integration constants obeying Cq as Cq = + C| — C| — C|. Here /3 = f(m — ^)dt. 

For F = F{J) in case of massless spinor field we find P = Dq/t. The corresponding compo¬ 
nents of the spinor field in this case read: with 


Vi,2 = + iD3^4e 


¥3,4 = {iDi^2e‘^ +D3^4e 

with Do = 2 (Dl+Dl-Dj-Dj). 

For the scalar field we find 


(P 



dt 

x{\+2XiF^y 


C = const. 


(2.5) 


( 2 . 6 ) 


Solving the Einstein equation for the metric functions we find 

t 

a,(t) = A[T(t)]i/3exp[X, J [x{d)]-^dd], (2.7) 

0 


with the integration constants obeying 


DiD2Z)3 = 1, Xi+X2+X3=0, 

As one sees, the spinor, scalar and metric functions are in some functional dependence of x. It 
should be noted that besides these, other physical quantities such as spin-current, charge etc. and 
invariant of space-time are too expressed via x OQ. It should be noted that at any space-time 
points where T = 0 the spinor, scalar and gravitational fields become infinity, hence the space-time 
becomes singular at this point id. So it is very important to study the equation for x (which can 
be viewed as master equation) in details, exactly what we shall do in the section to follow. In doing 
so we analyze the role of spinor field in the character of evolution. 
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III. EVOLUTION OF BI UNIVERSE AND ROLE OF SPINOR FIELD 

The equation for T is found from the Einstein one: 

Rji-\s;:R = KT;^+d;A. o.i) 

The details ean be found in Q. This equation indeed deseribes the evolution of the universe and 
has the following general form: 

^ = Ik(tI + T^^+3A, (3.2) 

where A is the eosmologieal eonstant, is the energy-momentum tensor. Note also that here a 
positive A eorresponds to the universal repulsive foree, while a negative one gives an additional 
gravitational foree. Note that a positive A is often eonsidered to be a form of dark energy. Though 
our main objeet is to verify the role of spinor field in the evolution of the Universe, we inelude the 
A term in order to explain some results obtained later. For this purpose we reeall that the Bianehi 
identity G^.y = 0 gives 

tS = -l(TS-Ti'). (3.3) 

After a little manipulation from (IT2t and (Q one finds the following expression for Tq-. 

kT^ = 3H^-A-Coo/t^, (3.4) 

where the definition of the generalized Hubble eonstant H as 

= (3.5) 

Let us now stop here for a while. Consider the ease when A = 0. At the moment when expansion 
rate is zero (it might be at a time prior to the ’’Big Bang”, or sometimes in the far future when the 
universe eease to expand we have H = 0. Then the nonnegativity of suggests that Cqo < 0. Let 
us now eonsider another ease when t is large enough for the term 1 /t^ to be omitted. As we know 
Tq (the energy density), deereases with the inerease of T. If T is big enough for Tq to be negleeted, 
from (13411 we find 

3H^-A^0. 

It means for r to be infinitely large, A > 0. In ease of A = 0 we find that beginning from some 
value of r the rate of expansion of the Universe beeomes trivial, that is the universe does not 
expand with time. Whereas, for A > 0 the expansion proeess eontinues forever. As far as negative 
A is eoneerned, its presenee imposes some restrietion on the energy density Tq, namely, Tq ean 
never be small enough to be ignored. It imposes some restrietions on T, preeisely, there exists 
some upper limit for T (note that T is essentially nonnegative, i.e. bound from below). Thus we 
see that a negative A, depending on the ehoiee of parameters ean give rise to an oseillatory mode 
of expansion. Thus we eome to the following eonelusion: 

Let T^ be the source of the Einstein field equation; Tq is the energy density and T^, T^, T^ 
are the principal pressure and T^ = Tj = T^. An ever-expanding BI Universe may be obtained if 
and only if the A term is positive (describes a repulsive force and can be viewed as a form of dark 
energy) and is introduced into the system as in dUTT) . 
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It should be noted that the other types of dark energy such as quintessence, Chaplygin gas enters 
into the system as a part of and corresponding energy density decreases with the increase of 
the Universe, hence cannot be considered as source for ever-expanding Universe. 

Let us now go back to the Eq. (lUTb . The components of the energy-momentum tensor read: 


= mS-F + ^{l+2XiFi)^^ + £pf, 
tI = Ti = Ti = ^S + ^P-F -^{l + 2XiFi)^^ - ppf, 


(3.6) 


where, ^ — 2SdF/dl + XiS(p^dF\ /dl and = 2PdF/dJ XiPcp^dFi/dJ. In (13.61) £pf and Ppf 
are the energy density and pressure of the perfect fluid, respectively and related by the equation of 
state Ppf = where ^ e [0, I]. 

Let us now study the equation for T in details and clarify the role of material field in the 
evolution of the Universe. For simplicity we consider the case when both F and Fi are the functions 
of /(5) only. For simplicity we set C = 1 and Cq = I. Note that from the Bianchi identity for £pf 
and Ppf we find £pf = £q/x^^^ and ppf = 1^q£q/x^^^. Further we set Cq = I. Assuming that 
F = and Fi = S'', for the effective energy density and effective pressure we find 


rj,Q tn X, t'' ^ I 

, ^ (q-l)X [{2-r)Xt + T'-]z'-^ C 
^ T'? 2(2Ai-t-r)2 t1+^ 


(3.7) 


Taking into account that and are the functions of T, only, the Eq. (13.21) can now be presented 
as 

f = (3.8) 

where we define 


= (3/2)K(m + X(q-2)t^ ‘^ + Xirt’' ^/2{2Xi +x'f-+ -Q/+3Ax, (3.9) 

where qi = {tc, m, A, Ai, r, ^} is the set of problem parameters. The En. 13.81) allows the follow¬ 
ing first integral: 

X=^2[E-'^{q,,x)] (3.10) 

where we denote 





Ai/2(2Ai + t'') 




(3.11) 


From a mechanical point of view Eq. (13.81) can be interpreted as an equation of motion of a single 
particle with unit mass under the force ^{qi,x). In (13.101) E is the integration constant which can 
be treated as energy level, and ^ [qi, x) is the potential of the force ^(qi, x). We solve the Eq. 
(13.81) numerically using Runge-Kutta method. The initial value of x is taken to be a reasonably 
small one, while the corresponding first derivative x is evaluated from 13.101) for a given E. As 
one sees, the positivity of the radical imposes some restriction on the value of x, namely in case 
of A > 0 and ^ > 2 the value of x cannot be too close to zero at any space-time point. It is 
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clearly seen from the graphieal view of the potential [ef. Fig. [3. Thus we ean eonelude that for 
some speeial ehoiee of problem parameters the introduetion of nonlinear spinor field given by a 
self-aetion provides singularity-free solutions. For numerieal solutions we set K = 1, spinor mass 
m = 1, the power of nonlinearity we ehoose as q = 4, r = 4 and for perfeet fluid we set ^ = 1/3 
that eorresponds to a radiation. Here, in the figures we use the following notations: 

1 eorresponds to the ease with self-aetion and interaetion, i.e., A = 1, Ai = 1; 

2 eorresponds to the ease with self-aetion only, i.e., A = 1, Ai = 0; 

3 eorresponds to the ease with interaetion only, i.e., A = 0, Ai = 1. 
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FIG. 1: View of the potential ^ (r) [Eq. (13.111) 1 
as a function of T corresponding to three differ¬ 
ent cases. 


2 . 5 - 



FIG. 2: Effective energy density and effective 
pressure corresponding to three different cases. 


As one sees from Fig. [3 in presenee of a self-aetion of the spinor field, there oeeurs an infinitely 
high barrier as T ^ 0, it means that in the ease eonsidered here T eannot be trivial [if treated 
elassieally, the Universe eannot approaeh to a point unless it stays at an infinitely high energy 
level]. Thus we see, the nonlinearity of the spinor field provided by the self-aetion generates 
singularity-free evolution of the Universe. But, as it was shown in IIO . this regularity ean be 
aehieved only at the expense of dominant energy eondition in Hawking-Penrose theorem. It is 
also elear that if the nonlinearity is indueed by a sealar field, t may be trivial as well, thus giving 
rise to spaee-time singularity. It should be noted that introduetion of a positive A just aeeelerates 
the speed of expansion, whereas, a negative A depending of the ehoiee of E gene rates oseillatory 
or non-periodie mode of evolution. These eases are thoroughly studied in IIE^ As it was 
shown in iH the regular solution obtained my means of a negative A is ease of interaetion does 
not result in broken dominant energy eondition. In Fig. |2l we plot the effeetive energy density 
and effeetive pressure of the matter field. In ease of self-aetion pressure is initially positive, but 
with the expansion of the Universe it beeomes negative. In ease of interaetion field the pressure 
is always negative. It means, the models with nonlinear spinor field and interaeting spinor and 
sealar fields ean to some extent explain the late time aeeeleration of the Universe. As one sees, the 
eorresponding quantities (potential, energy density and pressure) differs only at the initial stage 
depending on the type of nonlinearity. 


In Fig. |3lwe graphieally justified our assumptions about the role of A term, namely, in absenee 
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FIG. 3: Evolution of the Hubble constant as the 
Universe expands. 



FIG. 4: Expansion of the BI Universe with time 
for three different cases. 


of the cosmological constant, 0 as the Universe expands. Finally, in Fig. |4lwe illustrate the 
evolution of the Universe. As one sees, the character of evolution differs only at the initial stage 
depending on the choice of nonlinearity. 

Finally we would like to emphasize that here we restrict within three cases only. Cases with 
nontrivial A term is not considered, since they were thoroughly studied in previous papers HE 
0]. Our main aim here was to emphasize the new role of spinor field to explain the late time 
acceleration of the Universe. 


IV. CONCLUSION 

We considered a system of interaction nonlinear spinor and scalar fields within the scope of 
a BI cosmological model filled with perfect fluid. It is shown that the spinor field nonlinearity 
can generate a negative effective pressure, which can be seen as an alternative source for late time 
acceleration of the Universe. Here, beside spinor and scalar fields, we consider usual perfect fluid 
obeying ppf = C^pf- We plan to consider a few other fluids in near future that can provide an 
initial inflation as well. 
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